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ABSTRACT
We present a two-dimensional grid-based hydrodynamic simulation of a thin, viscous, locally isothermal corotating
disk orbiting an equal-mass Newtonian binary point mass on a fixed circular orbit. We study the structure of the disk
aftermultiple viscous times. The binarymaintains a central hole in the viscously relaxed diskwith radius equal to about
twice the binary semimajor axis. Disk surface density within the hole is reduced by orders of magnitude relative to the
density in the disk bulk. The inner truncation of the disk resembles the clearing of a gap in a protoplanetary disk. An
initially circular disk becomes elliptical and then eccentric. Disturbances in the disk contain a component that is
stationary in the rotating frame in which the binary is at rest; this component is a two-armed spiral density wave.We
measure the distribution of the binary torque in the disk and find that the strongest positive torque is exerted inside
the central low-density hole. We make connection with the linear theory of disk forcing at outer Lindblad resonances
(OLRs) and find that the measured torque density distribution is consistent with forcing at the 3:2 (m ¼ 2) OLR, well
within the central hole.We also measure the time dependence of the rate at which gas accretes across the hole and find
quasi-periodic structure. We discuss implications for variability and detection of active galactic nuclei containing a
binary massive black hole.
Subject headinggs: accretion, accretion disks — binaries: general — black hole physics — galaxies: nuclei —
hydrodynamics
Online material: color figures
1. INTRODUCTION
Circumbinary disks have been observed in young stellar bi-
naries, such as the spatially resolved pre-main-sequence binary
star GG Tau (e.g., McCabe et al. 2002; Krist et al. 2005). Cir-
cumbinary disks should also form around binary massive black
holes when interstellar gas accretes into the binary’s dynamical
sphere of influence (e.g., Artymowicz & Lubow 1996; Ivanov
et al. 1999; Armitage&Natarajan 2002;Milosavljevic´ & Phinney
2005). It is generally expected that the dynamics of a binary em-
bedded in an accretion disk is similar to the dynamics of a planet
embedded in a protoplanetary disk. The planet orbits the central
star while exchanging gravitational torques with, and accreting
from, a gaseous circumstellar disk. If the radius of the planet’s
Roche lobe exceeds the pressure scale height of the disk, the
planet clears a gap in the disk (e.g., Goldreich & Tremaine 1980;
Takeuchi et al. 1996; Lubow et al. 1999). When a similar-mass
binary is surrounded by a thin corotating disk, this gap-opening
condition is automatically satisfied.
An understanding of circumbinary accretion flows is essential
for future identification of binary massive black holes in astro-
nomical surveys.Massive binary black holes have only tentatively
been identified in astronomical observations (Komossa [2003,
2006] and Rodriguez et al. [2006] report evidence for a binary
with projected separation of 7.3 pc), but the theoretical case for
their existence is very strong. A massive binary black hole forms
during the conclusion of a galaxy merger and persists at parsec or
subparsec separations over a cosmological time. Under propitious
circumstances, gravitational radiation ultimately induces coa-
lescence between the black holes (Begelman et al. 1980;Merritt
& Milosavljevic´ 2005 and references therein).
At parsec separations, the black holes can be optically resolved
only in nearby galaxies. Better resolution can be achieved at radio
frequencies, but binary radio cores can be confused with struc-
tures in radio jets and chance superpositions. An unresolved
binary can be detected by associated characteristic spectral and
time-dependent signatures if a circumbinary accretion flow is
present. For example, asymmetries in the accretion flow and time-
dependent accretion onto the component black holes are sources
of variability that can be detected in monitoring surveys such as
with the Large Synoptic Survey Telescope (LSST).6
To predict the spectral signatures ofmassive binary black holes,
one must analyze the hydrodynamic structure of the circumbinary
accretion flow and then synthesize the radiative spectra emitted by
the flow. In this work we carry out the hydrodynamic analysis in
the case of a thin corotating disk.We defer the spectral synthesis
to subsequent work (see also Milosavljevic´ & Phinney 2005;
Bogdanovic´ et al. 2008). The search for massive binary black
hole spectral transients is most effective if one can identify
robust transients that repeat continuously over an extended period.
Transients that are restricted to a single moment in the life of a
binary, such as its formation, will be rare and difficult to interpret.
QuasiYsteady state circumbinary accretion disks are particularly
attractive as they may persist long enough to render their astro-
nomical detection probable.
Previous numerical simulations of circumbinary disks based
on the smoothed particle hydrodynamics method (Artymowicz &
Lubow 1994; Escala et al. 2005) and grid-based hydrodynamics
with explicit bulk viscosity (Gu¨nther & Kley 2002) suggest that
the surface density of a circumbinary disk drops sharply inward of
6 See http://www.lsst.org.
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r  1:5aY2a, where a is the binary semimajor axis. The binary
resides within a low-density hole, also called the circumbinary
gap, at the center of the disk. Although the gas density within
the hole is low, some mass transfer does take place from the
disk onto the point masses (Gu¨nther et al. 2004). However, the
accretion rate is below the rate that would be expected neglecting
the torque that the binary exerts on the disk. The reduced accretion
was detected in simulations of massive planets embedded in
protoplanetary disks (e.g., Lubow et al. 1999; Lubow&D’Angelo
2006).
The simulations of disks with planets also indicate that an ini-
tially circular disk becomes eccentric over time, even if the orbit
of the planet is circular (Papaloizou et al. 2001; Kley & Dirksen
2006). The growth of disk eccentricity has been attributed to a
dynamical instability (Lubow 1991; D’Angelo et al. 2006) driven
by the planet’s tidal potential. In turn, the disk eccentricity can
excite eccentricity in the binary, since the two eccentricities are
coupled (Papaloizou et al. 2001). Even a weak residual eccen-
tricity can be detected in the gravitational radiation emitted during
black hole coalescence (Armitage & Natarajan 2005; see also
Artymowicz et al. 1991). Therefore, an understanding of the cir-
cumbinary disk dynamics is key for electromagnetic and gravi-
tational wave observations of coalescingmassive black holes with
the Laser Interferometer Space Antenna (LISA).7 Simultaneous
electromagnetic and gravitational detection can be used to mea-
sure the geometry of the universe and constrain properties of dark
energy (e.g., Holz & Hughes 2005; Kocsis et al. 2006).
We present high-resolution simulations of a corotating viscous
circumbinary disk around a circular Newtonian equal-mass binary.
The disk lies in the orbital plane of the binary. This is an astro-
physically motivated simplifying assumption; alignment of the
orbital plane of the inner disk and that of the binary will take
place, because differential precession of a nonaligned disk caused
by the binary’s mass quadrupole moment forces the inner part of
the disk to align with the orbital plane of the binary (e.g., Larwood
& Papaloizou 1997).8
In x 2 we describe the computational method and the binary-
disk setup. In x 3 we present our results. We study the disk ec-
centricity, the spatial distribution of torque deposition in the disk,
and themass accretion across the central hole in the disk. In x 4we
compare the torque distribution measured in the simulation with
predictions of the theory of linear response of tidally forced disks.
We also present a tentative interpretation of the eccentricity ex-
citation in terms of a mean motion resonance. In x 5 we discuss
implications for astronomical detection of binary massive black
hole mergers in progress. Finally, in x 6 we summarize the main
conclusions.
2. THE CODE AND INITIAL CONDITIONS
The simulation was carried out with the publicly available code
ASC FLASH (Fryxell et al. 2000) in two spatial dimensions. The
mesh refinement capability of FLASH allowed us to use high grid
resolution in the central region of the disk (within a radius equal
to 10 binary semimajor axes) and lower resolution in the outer
disk. We implemented a static grid with constant resolution in
the -direction. The piecewise-parabolic method module im-
plemented in FLASH is ideally suited for treating supersonic
dynamics in the vicinity of the binary. The simulation was carried
out in polar (r,) coordinates in the inertial frame.
We implemented several small changes in FLASH. We intro-
duced aNewtonian binary point particle of total massM on a fixed
circular orbit centered at the origin. The gravity of the binary
acting on the disk fluid is evaluated directly; the gravity of the
fluid is not calculated. The integration domain is a circular an-
nulus with an inner boundary at rmin¼ a and outer boundary at
rmax¼ 100a. The binary point masses orbit at the distance a/2
from the center; therefore, the point masses move entirely within
the excised circular region r < rmin. An obvious limitation im-
plied by the excision is that we do not study the accretion of gas
onto the individual point masses, but we do measure the net rate
of mass transfer across the inner boundary.
The fluid was allowed to flow freely out of the integration
domain at the inner and outer boundary, but the flow into the
domain was forbidden. Specifically, the boundary conditions at
rmin and rmax were such that the radial derivative of the surface
density, @/@r, and of the azimuthal velocity, @v /@r, were set
to vanish at each boundary. The boundary condition imposed on
the radial velocity vr was a function of the direction of the flow at
the boundary. For outflow, vr(rmin) < 0 or vr(rmax) > 0, the radial
derivative of the radial velocity, @vr /@r, was set to vanish; for
inflow, the value of vr in the boundary (‘‘ghost’’) zones just ad-
jacent to rmin and rmax was set to vanish, thus preventing inflow.
We implemented a locally isothermal equation of state inwhich
the sound speed is a fixed function of radius cs(r). The disk has a
constant pressure scale height to radius ratio h/r ¼ cs /rK ¼ 0:1,
where K ¼ (GM /r3)1=2 is the Keplerian frequency in the disk;
therefore, the sound speed decreases with radius cs / r1=2. Since
this equation of state is applied exactly, the total energy of the
fluid is not conserved and all shocks can be considered radia-
tively isothermal.
We also implemented an explicit viscous shear stress term in the
equation governing the transport of the -momentum. In doing
so, we kept only the (r; ) component of the stress tensor, since
this is the component that communicates viscous torque in the
disk and is responsible for accretion. The corresponding vertically
integrated Navier-Stokes equation reads
@v
@t
þ vr
r
@(rv)
@r
þ v
r
@v
@
 @
r@
þ 1

@P
r@
þ @(r
2r)
r 2@r
 
¼ 0; ð1Þ
where  is the surface density in the disk,
(r; ) ¼ 1=2ð ÞGM
½r 2 þ 1=4ð Þa2  ra cos ( bint)1=2
 1=2ð ÞGM
½r 2 þ 1=4ð Þa2 þ ra cos ( bint)1=2
ð2Þ
is the Newtonian gravitational potential of the binary point mass,
bin  (GM /a3)1=2 is its angular frequency, P ¼ c2s is the ver-
tically integrated pressure, and vr and v are the radial and the
tangential component of the fluid velocity, respectively.
The (r; ) component of the stress tensor equals
r ¼  r @
@r
v
r
 
þ 1
r
@vr
@
 
; ð3Þ
where  is the kinematic viscosity. On the right-hand side of
equation (3), the second term involving @vr /@ is normally much
7 See http:// lisa.nasa.gov.
8 The orbital plane of the binary will itself precess due to the relativistic spin-
orbit coupling, if the binary components have spins misaligned with the binary’s
angular momentum.
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smaller than the first term involving @(v /r)/@. We drop the
second term in the simulation.
The viscosity is calculated based on the -disk prescription
(r) ¼ cs(r)2 /K(r) with  ¼ 0:01. The use of the Keplerian
frequency in the evaluation of the viscosity is simply a pre-
scription; the binary’s mass quadrupole moment and positive ra-
dial pressure gradients make the true angular frequency near the
inner edge of the disk super-Keplerian,
2  2K 1þ
3
16
a2
r 2
 2
þ 1
r
dP
dr
: ð4Þ
Numerical resolution in the simulation was chosen to ensure
an accurate treatment of pressure waves excited in the disk. The
binary’s tidal potential can excite density waves at circular and
eccentric outer Lindblad resonances (OLRs). These waves have
wavelengths equal to a rational multiple of 2cs(r)/bin 
0:6a(r/a)1=2. The radial resolution was chosen such that the
wavelength of a density wave is resolved by many resolution ele-
ments in the inner disk (within a few binary separations from
the inner edge). Specifically, the simulation was carried on time-
independent (nonadaptive) nonuniform meshes utilizing the
PARAMESH adaptive mesh refinement package in FLASH.
The spatial resolution was [r  0:039a,   0:0078 2ð Þ]
near the inner boundary (r  rmin) and eight times lower [r 
0:31a,  0:062 2ð Þ] near the outer boundary (r  rmax). The
resolution was uniform in the azimuthal direction at any fixed
radius.
The initial disk has radial surface density profile
(r) ¼ 0 r
rs
 
exp  r
rs
 " #
; ð5Þ
where rs ¼ 10a,  ¼ 3,  ¼ 2, and0 is an arbitrary constant. The
initial density profile is shown in Figure 1. The surface density
decreases to a small value near the boundaries of the integration
domain at rmin ¼ a and rmax ¼ 100a.
The initial angular velocity of the fluid is corrected for the
radial pressure gradient (see eq. [4]), and the initial radial velocity
is corrected for the viscous drift vr  2(r 2)1@(r 2r)/@r.
The initial velocity of the disk correctly represents the quasiY
steady state of an axisymmetric disk to the first order in h/r and
, and no significant transients are observed at the beginning of
the simulation.
Since the inviscid hydrodynamical component of FLASH
has been extensively tested by other authors (Fryxell et al. 2000),
we are here mainly concerned with the correctness and stability of
our implementation of explicit viscosity. To test the implemen-
tation, we simulated an identical initial accretion disk surrounding
a single point particle of mass M at the origin. This disk was
simulated at the same resolution as the circumbinary disk. The
test disk remains axisymmetric and its evolution follows that pre-
scribed by equation (1) on a viscous timescale, thereby validating
our implementation of the explicit viscosity.
Maintaining exact axisymmetry for many thousands of orbits,
as required for simulations lasting many viscous times, required
care with the numerical grid. We set the FLASH parameter
unbiased_geometry to clean the last bits of floating point
numbers defining the numerical mesh. This was necessary be-
cause by default, due to numerical roundoff and truncation errors,
the mesh spacing in the azimuthal direction is not precisely uni-
form. This nonuniformity can seed nonaxisymmetric perturbations
on many orbital timescales; unbiased_geometry enforces exact
uniformity in the azimuthal mesh spacing, thus eliminating spu-
rious loss of axisymmetry which developed in test simulations run
for a single point mass with and without viscosity.
3. RESULTS
3.1. Surface Density Profile
The initial disk given in equation (5) is smoothly truncated at
r  3a. The binary tide experienced by the initial disk is weak,
and the disk initially accretes inward on a viscous time scale
tvisc  r
2
3
 1
3

h
r
 2

" #1
 1600 r
2a
 3=2
tbin; ð6Þ
where tbin  2/bin is the orbital period of the binary. Near the
inner edge the disk responds significantly faster to the viscous
torque because of the presence of a steep density gradient. As the
disk accretes inward toward the binary, the binary’s tidal forcing
of the inner edge of the disk strengthens. When the viscously
spreading disk arrives at a radius r  2a, strong nonlinear dis-
turbances develop in the circumbinary flow; we discuss these
disturbances in detail below.
The disk then settles into a quasiYsteady state. Figure 1 shows
the initial surface density profile and the time-averaged surface
density profile after 4000 orbits.9 The evolved disk is sharply
truncated inward of r  2a, and the central region r < 2a con-
tains very little fluid. The surface density in this region is an ex-
ponential function of radius,
hi(r < 2a)  0 exp (15:2þ 5:95r=a); ð7Þ
where
hi 1
2
Z 2
0
d ð8Þ
Fig. 1.—Surface density of the disk as a function of radius in units of the
binary semimajor axis. The curve peaking on the right is the initial disk density
profile; the one peaking on the left is the density profile after 4000 binary orbits
averaged over 50 orbits.
9 Here and elsewhere in the text, time averaging is carried out over 50
binary orbits.
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denotes the azimuthal average. While the azimuthally averaged
inner density is low, accretion still occurs in streams of gas (Fig. 2)
which have radially infalling velocity components.
3.2. Eccentricity and Ellipticity of the Disk
Dynamics of the inner disk is strongly nonlinear and time
dependent. The disk first becomes elliptical (Fig. 2, top) and then
eccentric (Fig. 2, bottom). The elliptical state is sustained only
on a single viscous timescale, but the subsequent eccentric state
is persistent and apparently represents a quasiYsteady state of the
circumbinary disk. Therefore,we focus on the eccentric disk in the
following discussion. We measure the magnitude of the eccen-
tricity, denoted by e˜1, and the disk ellipticity, denoted by e˜2, by
taking a time average of the density-weightedm ¼ 1 andm ¼ 2
components, respectively, of the radial velocity, normalized by
the density-weighted azimuthal velocity
e˜m 
hvre imi
 
hvi : ð9Þ
Figure 3 shows the final, quasiYsteady state disk eccentricity and
ellipticity as a function of radius. For 1:5a P r P 5a, the quantity
(e˜21 þ e˜22 )1=2 is roughly approximated by the function exp (r/a).
The eccentricity of the fluid in the central hole is nonlinear in the
sense that the associated epicyclic motion is (mildly) supersonic.
The disk eccentricity precesses slowly in the prograde direc-
tion, and the precession appears to be rigid at radii 2a < r < 4a.
The average precession rate of the eccentricity vector (the line of
apsides) at these radii is10
prec  d
dt
arg hvreii
 3:05 ; 103bin: ð10Þ
This can be compared with the apsidal precession rate $˙ that
would be expected for a test particle orbiting in the gravitational
potential of the binary,
$˙ ¼  1
2r 2K
d
dr
r 2
d˜
dr
 
; ð11Þ
where
˜  hi þ r 22K ð12Þ
is the phase-averaged non-Keplerian contribution to the grav-
itational potential. Inserting the gravitational potential of the
binary (eq. [2]) in equations (12) and (11) yields
$˙ ¼ 3
16
r
a
 2
K þ O r
a
 4
K
 4 ; 103 r
3a
 7=2
bin: ð13Þ
10 In addition to the linear trend prect, the measured line of apsides ex-
ecutes quasi-periodic oscillations.
Fig. 2.—Disk surface density at 1000 binary revolutions (top) and at 4000
revolutions (bottom); the black dots indicate the location of the point masses. The
plotted region spans x/a ¼ 5 and y/a ¼ 5, showing the inner 20% (in radius)
of the simulation region.
Fig. 3.—Time-averaged disk eccentricity e˜1 (solid line) and ellipticity e˜2
(dotted line) as a function of radius after 4000 binary orbits. The two added in
quadrature (e˜21 þ e˜22 )1=2 are also plotted (dot-dashed line). The dashed thin line is
the function exp (r/a).
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The measured, radially averaged precession rate prec agrees
with the test-particle apsidal precession rate $˙ at radius r ¼
3:24a, which falls within the range of radii where the disk ap-
pears to precess as a rigid body, and is close to the radiuswhere the
disk surface density peaks and most of the mass of the rigidly
precessing disk resides (cf. Fig. 1). Therefore, the precession of
the inner disk can be understood as arising from the non-Keplerian
nature of the binary’s gravitational potential. Exact agreement
between prec and $˙may not be expected at any specific radius
because of the role of radial pressure gradients, which are ne-
glected in the test-particle approximation, that stabilize the rigid
eccentric distortion.
3.3. Torque Density
The binary torques the disk by coupling gravitationally to non-
axisymmetric structures in the disk. In Figure 4 we plot the time-
averaged torque density
dT
dr
 2r  @
@
 	
ð14Þ
and the integrated torque
T 
Z r
a
dT
dr
dr; ð15Þ
where, as before,  denotes the gravitational potential of the
binary. The torque density can be of either sign. The strongest
positive torque density is exerted at r < 2a. In this region, the
fluid density is relatively low, but the tidal force accelerates the
fluid radially to highly supersonic velocities vr  v3 cs. A
weaker, negative torque density is exerted at 2a < r < 2:4a; at
larger radii, the torque density oscillates around the zero point.
To identify the origin of the oscillations in the torque density,
we work in the rotating frame in which the binary is at rest and
carry out time averaging of the surface density in this frame.
Figure 5 shows the surface density fluctuation
(r; )  (r; þ bint)hi(r)  1; ð16Þ
which selects the relative nonaxisymmetric component of the
surface density distribution. The fluctuation is a two-armed tightly
wound spiral density wave. Since the wave is stationary in the
rotating frame, its pattern angular speed in the inertial frame
equals bin. At large radii r3 2a, the wave obeys the Lin-Shu
dispersion relation
2  m2( bin)2 þ k 2c2s ¼ 0 ð17Þ
with m ¼ 2, where k is the radial wavenumber.
The wave appears to be excited in the region a P r P 2a and
seems to refract at r  2:5a where the surface density profile ex-
hibits a jump. The oscillating torque density in Figure 4 directly
follows from the stationary spiral pattern in Figure 5. Significant
net torque is exerted only in the central, low-density hole and near
the disk edge (r P 2a) where the spiral wave is nearly radial; the
net contribution from larger radii is very small due to cancellation.
The total, time-averaged torque experienced by the disk is
positive,
T (1)  6 ; 104GMa0: ð18Þ
The binary-disk torque can be compared to the viscous torque
communicated in the disk,
Tvisc¼ 2r3  @
@r
v
r
  	
 3 h
r
 2
GMr: ð19Þ
The two torques are of comparable magnitude when /0 
0:64a/r, which is roughly satisfied in the inner disk. This is of
Fig. 4.—Time-averaged torque density dT /dr and the integrated torque T ex-
erted by the binary on the disk at 4000 binary revolutions. Time averaging was
carried out over 45 binary revolutions and reflects a quasiYsteady state. The total
torque experienced by the disk, T (1), is positive.
Fig. 5.—Time-averaged surface density fluctuation   ( hi)/hi in
the rotating frame in the which the binary is at rest. We have multiplied  by
(r/a)7 for clarity. The binary point masses are located at r ¼ 1
2
a and  ¼ (0; ).
The brightest regions are density maxima. The plot does not show the disk at radii
rmin < r < 1:1a. [See the electronic edition of the Journal for a color version of this
figure.]
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course expected if the disk has settled in a quasiYsteady state
characterized by a balance of viscous and gravitational torques.
But the balance is not exact, because angular momentum is being
transported by the (weak) radial accretion and densitywaves in the
disk.
3.4. Fluid inside the Central Hole
Figure 6 shows that the fluid flow inside the central hole
(r P 2a) is noncircular. Of course, in this figure we only see the
highYpattern-speedm ¼ 2 component, whereas the lowYpattern-
speed m ¼ 1 component is stronger but not present after time
averaging in the rotating frame. Examining the instantaneous
flowwithin the central hole, we observe pinball-like behavior; a
fluid element located inside the hole receives a gravitational kick
near the pericenter and is ejected outward on an eccentric orbit
toward the inner edge of the disk. It eventually collides with the
inner edge at r  2a. The momentum of the ejected fluid is trans-
ferred to the disk, and a shock wave is driven into the disk.
In x 4 we interpret the torque transfer by periodic kicking of the
eccentric fluid inside the central hole as a meanmotion resonance.
In addition to the tightly wound density wave observed in the frame
rotating with the binary, a strong, one-armed, long-wavelength
density wave is driven at the apocenter of the inner edge of the
disk. The latter wave precesses with a low pattern speed and,
hence, disappears when time averaging in the rotating frame.
The long-wavelength wave appears to be associated with the
propagation of the eccentric distortion in the disk.
3.5. Accretion into the Central Hole
The average mass accretion rate across the inner edge of the
integration domain is
M˙ (rmin)  2:5 ; 104(GMa)1=20: ð20Þ
This can be compared to the nominal accretion rate in a disk
without binary-induced torques,
M˙free ¼ d(r
2)
dr
 1
dTvisc
dr
 6 h
r
 2
(GMr)1=2; ð21Þ
where we have assumed that in the disk without binary torque the
surface density is a weak function of radius. Then we have
M˙
M˙free
 0:13 r
a
 1=2 
0
 1
: ð22Þ
The accretion rate ratio in equation (22) should be evaluated
at the outer edge of the zone where the binary forcing is signifi-
cant. This is the transition radius where the disk surface density
derivative changes sign, dhi/dr  0; outside this radius, angular
momentum transport in the disk is governed by nongravitational,
viscous torques only. Figures 1 and 4 suggest that the transition
radius is at r  3a where hi  0:4250. With this, M˙ /M˙free 
0:18 < 1, which indicates that the accretion rate into the central
hole in the circumbinary disk is smaller than the accretion rate in a
disk without binary torque with comparable density.
The surface density profile of the disk exterior to the density
maximum at r  3a is slightly steeper than the profile  / r1=2
expected in a constant-M˙free disk. However, the surface density
profile is significantly shallower than expected in a nonaccreting,
constant-Tvisc disk. In the absence of accretion through the central
hole, the disk behaves like a decretion disk (Pringle 1991), with
surface density profile / r1. This indicates that the outer disk
has not yet settled in the viscous quasiYsteady state; the simulated
disk is neither exactly an accretion nor a decretion disk.
Figure 7 shows the time dependence of the accretion rate. This
is the rate with which fluid flows across the inner boundary of the
simulated domain; this flow should ultimately accrete onto either
of the point masses or be otherwise removed (unbound) from the
system. The accretion rate is quasi-periodic and exhibits notable
low-frequency variation and periodic outbursts. The peak accre-
tion rate is a factor of4 larger than the mean value. We discuss
the implications of the time-dependent accretion rate in x 5.
Fig. 6.—Same as Fig. 5, but with the addition of vectors representing the time-
averaged velocity of the fluid in the rotating frame in which the binary is at rest.
At r3a, the angular velocity approaches the negative angular velocity of the
binary, d/dt !bin. The brightest regions are density maxima. The plot does
not show the disk at radii rmin < r < 1:1a. [See the electronic edition of the Journal
for a color version of this figure.]
Fig. 7.—Time dependence of the accretion rate dM /dt ¼ M˙ ¼ r R vr d
across the inner edge of the integration domain, r ¼ rmin ¼ a, at 4000 binary
revolutions after the beginning of the simulation.
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Figure 8 shows the Lomb-Scargle periodogram of the accretion
rate. The periodogram was calculated using the definitions in
Scargle (1982) and Horne & Baliunas (1986).11 The peak at
2bin corresponds to the forcing frequency of the quadrupole of
the tidal potential. The accretion rate time series is quasi-periodic,
as it can be decomposed into 10 components with evenly spaced
frequencies !  2
9
Kbin, where K ¼ 1; 2; : : : ; 10. The peaks at
K ¼ 3, 4, and 5 are not significant. The most interesting is the
fundamental frequency component at !  2
9
bin; it is responsible
for the slow periodic modulation of the signal seen in Figure 7.
3.6. Evolution of the Binary Separation
The fluid accreting across the central hole transports angular
momentum at the rate
L˙acc ¼ 2r 2hvrvi: ð23Þ
We measure the average LCuid in the simulation and find
L˙acc(rmin)  3:3 ; 104GMa0; ð24Þ
which is a half of the binary-disk torque (cf. eq. [18]). Therefore,
the cross hole accretion of (positive) angular momentum is not
sufficient to offset the loss of angular momentum to the disk,
and the binary loses angular momentum on average.
If the binary remains circular, evolution of the binary semi-
major axis is governed by
L˙acc  T ¼ (GM
3a)1=2
8
a˙
a
þ 3 M˙
M
 
; ð25Þ
where the minus sign in front of the torque on the left-hand side
reflects T being defined as the torque exerted by the binary on
the disk. The rate at which the binary separation decays can then
be estimated to be
a˙
a
 0:003 Ga
Mbh
 1=2
0
 7:3 ; 104 Medge
1=2ð ÞMbin
 
1
tbin
; ð26Þ
whereMedge  (2a)20 andMedgeTMbh is assumed. The in-
ferred binary orbital decay time is comparable to the viscous
time at the inner edge of the disk, multiplied by the mass of the
disk at the inner edge and divided by the binarymass. If the binary
does not remain circular, the estimate based on our simulation is
not strictly accurate, but the overall scaling should still apply. If
the binary point masses are unequal, 1
2
Mbin in equation (26)
should be replaced by the reduced mass M1M2 /Mbin.
4. DISCUSSION
4.1. Torque Density from Tidal Forcing at m ¼ 2 OLR
The torque density profile in Figure 4 resembles the theoretical
torque density profile for a densitywave linearly excited at anOLR
by a binary’s tidal potential in a circular, quasiYuniform-density
disk (Meyer-Vernet & Sicardy 1987).12 To explore this similarity,
we proceed to compare torques in the simulated disk with pre-
dictions of the linear response theory. In a circular, inviscid, non-
self-gravitating, quasiYuniform-density Keplerian fluid disk that
is forced by a rotating potential multipole m of order m, torque
density in the vicinity of the corresponding OLR can be written in
terms of the Airy function Ai(x) (Meyer-Vernet & Sicardy 1987),
dT
dr
¼ Tm
km
Ai
rm  r
km
 
; ð27Þ
where rm is the radius of the resonance that is the solution of the
equation (rm) ¼ ½m/(mþ 1)bin and Tm is the approximate
total torque exerted at an OLR in a pressureless disk (Goldreich
& Tremaine 1979),
Tm¼ m2  r dD
dr


1
r
dm
dr
þ 2
 bin m
 2" #
r¼rm
: ð28Þ
Here, in a Keplerian potential,D  2  m2( bin)2, and km
can be interpreted as the inverse radial wavenumber associated
with the pressure wave excited at the resonance,
km  r c
2
s
3mr 2bin
 1=3" #
r¼rm
: ð29Þ
The equal-mass binary analyzed here is special in that the
potential component having m ¼ 1 that corotates with the binary
is identically zero. Therefore, the outermost m ¼ 1 OLR at
r1  22=3a is absent. The m ¼ 2 potential component associ-
ated with the outermost OLR at r2 ¼ (3/2)2=3a with orbital res-
onance bin : ¼ 3:2, in the special case of an equal-mass
binary, equals
2 ¼ 3
16
r
a
 3
a22bin þ O
r
a
 5 
: ð30Þ
Note that although r2 is the location of the resonance, the range
of radii overwhich resonant forcing occurs is actually fairly broad,
as is evident in Figure 4, and is comparable to the radius itself.
With this we obtain
dT
dr
 49
288
2(r2)
2
bin
a4
k2
Ai
r2  r
k2
 
; ð31Þ
where k2 ¼ 22=3(h/r)2=3a.
Fig. 8.—Lomb-Scargle periodogram of the rate of accretion across the inner
boundary at r ¼ rmin ¼ a. The periodicity analysis was carried out over a 3 times
longer time interval than shown in Fig. 7.
12 We are grateful to Steve Lubow for providing this reference and for sug-
gesting an outline for the present subsection.11 See http://astro.uni-tuebingen.de/software/idl /aitlib/timing/scargle.html.
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The approximate torque density derived from linear theory in
equation (31) is only a crude approximation, because the simu-
lated disk violates multiple premises on the which the deriva-
tion is based:
1. The strength of the resonant torque associated with the
m ¼ 2 OLR is nonlinear, T2 /½a42bin(r2) k 1. In particular, non-
linear coupling with the eccentric m ¼ 1 mode may modify the
torque density. At the radius of the resonance r2, the disk itself is
intermittent, rather than steady.
2. The derivation assumes that the forcing potential varies
very slowly with radius, d ln2 /drT1/k2, but in the simula-
tion, the forcing potential and the resonantly excited wave vary
on comparable length scales.
3. The derivation assumes a quasiYuniform-density disk,
d ln hi/drT1/k2, but in the simulation, the azimuthally av-
eraged density and the pressure vary more rapidly than the
resonantly excited wave. Since the resonance has a finite width,
the resonant torque will depend on the density over a range of
radii.
4. Similarly, the linear derivation assumes an isothermal disk,
whereas our disk is locally isothermal and the sound speed varies
as cs / r1/2.
5. The derivation assumes a Keplerian potential, whereas the
potential of the binary is stronger than Keplerian at small radii
(e.g., see eq. [4]).
Each of these aspects can be, with some effort, incorporated
in an analytic derivation of the torque density. Instead, here we
simply attempt to evaluate the torque density estimate accord-
ing to equation (31) after substituting the disk surface density
(eq. [7]) evaluated at the resonant radius r2. The surface density
equals (r2)  6 ; 1040, and with this, the estimated torque
density reaches maximum
dT
dr
 
max
 5:5 ; 104a32bin0 ð32Þ
at radius r  1:45a. The peak torque density in equation (32) is
a factor of 2.5 higher than the peak torque density in the sim-
ulation, which occurs at radius r  1:75a (cf. Fig. 4). At larger
radii, the theoretical torque density oscillates more rapidly than
the simulated, that is, the wave excited at the resonance has a
shorter wavelength (e.g., the fifth positive torque peak occurs at
r  2:87a in linear theory and at r  3:55a in the simulation).
This is not surprising, given that linear theory can severely un-
derestimate the radial wavelength of the density wave excited
at an OLRwhen the forcing is nonlinear (Yuan&Cassen 1994).
We can conclude that the torque density measured in the sim-
ulation is consistent with having arisen from a forcing by the
binary’s tidal potential at them ¼ 2 OLR. This implies that the
same resonance can be responsible for disk truncation and main-
tenance of torque balance near the inner edge of the disk.
4.2. Qualitative Interpretation of Disk Eccentricity Excitation
We here provide a qualitative interpretation of the excitation
and maintenance of disk eccentricity. Consider a disk fluid ele-
ment orbiting the binary on a quasi-elliptical orbit with semimajor
axis a˜ and eccentricity e˜. The fluid element makes a pericenter
passage at radius rp  (1 e˜)a˜. Its angular frequency at the
pericenter is approximately given by
p  K(a˜) 1þ 3
16
a2
(1 e˜)2a˜2
 
(1þ e˜)1=2
(1 e˜)3=2 : ð33Þ
When this frequency is close to the orbital frequency of the bi-
narybin, the fluid element experiences a gravitational pull as it
passes the pericenter point. Assuming that the eccentricity at the
pericenter is e˜  0:2 (see Fig. 3), the resonance condition
p(a˜; e˜) ¼ bin ð34Þ
can be solved to obtain the numerical solution a˜  1:45a.
The fluid that arrives with a slightly larger a˜ and slightly
smaller e˜ progresses in azimuth at a slightly lower rate than the
binary point mass during pericenter passage. In this case, the
binary imparts a gravitational ‘‘kick’’ to the fluid element. Trans-
fer of momentum from the binary to the disk is evident in the
positive torque density inside the central hole occupied by orbits
close to the resonant condition in equation (34), as seen in Figure 4.
The density wave (Fig. 5) is clearly excited inside the hole.
After departing the pericenter and proceeding to larger radii,
the orbital frequency of the fluid decreases. In a time set by the
relation
Z t
0
½bin  (r(t 0))dt 0  
2
; ð35Þ
the kicked fluid lags by a quarter of a phase behind the binary,
and the sign of the torque changes, because now the other point
mass is located closer to and just behind the kicked fluid. There-
fore, a negative torque density is expected at larger radii, as seen
in Figure 4.
The point-mass approximation employed thus far breaks at
the apocenter. The simulation shows that the kicked fluid im-
pacts the inner edge of the disk near the apocenter supersonically
which drives a shockwave into the disk. The kicked fluid imparts
momentum to the disk which is then transported into the disk in-
terior by a density wave. Therefore, the low-density fluid located
in the central hole that experiences periodic kicks mediates the
binary-disk torque coupling.
After the impact at the apocenter, the kicked fluid loses orbital
phase coherence and plunges back toward the pericenter as an
eccentric stream. Consecutive kicks do not add up coherently;
the fluid does not retain the memory of its previous pericenter
passages, which distinguishes it from the collisionless eccen-
tric mean motion resonance studied by Pan & Sari (2004). This
puts into question the assumption at the heart of the standard
treatment of binary-disk resonances that disturbances are linear
and that consecutive disk-planet passages can interfere coher-
ently. Dispersal of the wave excited by each kick implies that
the binary must resonate with the angular frequency at the peri-
center alone, but not with any of the lower frequency components
associated with the eccentric disk.
The application of a positive torque near the pericenter and a
negative torque near the apocenter acts to fortify the eccentricity
of the inner disk. We speculate that this mechanism, in a linear
form, is responsible for the transition from an elliptical to an ec-
centric disk. Indeed, in an equal-mass binary, disk ellipticity can
be linearly excited at the 2:1 ‘‘eccentric’’ OLR (r  1:59a) by
the mechanism derived in Lubow (1991) and D’Angelo et al.
(2006).
Finally, we mention an alternative historical approach to disk
truncation in circumbinary disks which is based on the behavior
of the restricted three-body problem. The growth of orbital ec-
centricity of a collisionless third body orbiting a similar-mass
binary occurs in the vicinity of parametric resonances (He´non
1965; Szebehely 1967; Rudak & Paczynski 1981). If the orbit
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of the third body is interpreted as representing a streamline in
the fluid circumbinary disk, the catastrophic self-intersection of
resonantly excited, eccentric orbits leads to fluid removal and
disk truncation (Rudak& Paczynski 1981; Erwin& Sparke 1999;
Pichardo et al. 2005). We are not aware of an explicit demon-
stration that an equivalent of the three-body parametric resonances
can truncate a fluid circumbinary disk.
5. CIRCUMBINARY DISKS IN MASSIVE BLACK HOLES
A massive binary black hole forms on a dynamical timescale
at the conclusion of a galaxymerger, but can then persist at parsec
or subparsec separations over a cosmological time (Begelman
et al. 1980). Initially, the binary decays by transferring orbital en-
ergy and angular momentum to the stellar environment. How-
ever, when the separation between the black holes becomes
(Peters 1964; a circular binary is assumed)
agr(t)  2500rg t
106 yr
 1=4
M
106 M
 3=4
;
M1
5 ; 105 M
 1=4
M2
5 ; 105 M
 1=4
; ð36Þ
where t denotes a time interval and rg  GM /c2 with M 
M1 þM2, the emission of gravitational radiation drives the
black holes to coalesce in time t. Note that the dependence on
t and the total black hole mass is weak. In the gravitational-
radiationYdominated phase, the binary will be very close to
circular.
Consider a binary composed of low-mass massive black
holes (M P107 M). Equation (36) then implies that the binary
spends time t k 106 yr at separations a P agr  (103  104)rg.
At such separations, the binary is sufficiently compact for it to
be possible that a hot and ionized (T k 104 K) circumbinary
accretion disk can encompass it. This type of accretion disk
forms when interstellar gas accretes near a preexisting binary.
The size of the disk is limited by self-gravity at the outer edge
(Kolykhalov & Syunyaev 1980; Goodman 2003 and references
therein).
Since the circumbinary disk contains a central hole and the
accretion across the hole and onto the individual black holes is
reduced, the disk luminosity must be calculated self-consistently
in any invocation of theEddington limit. The standard ‘‘Eddington’’
accretion rate, calculated assuming a luminosity L  	M˙freec2,
where 	 is a dimensionless efficiency factor, is of no relevance
to the circumbinary disk. At binary separations a P 100rg, the
binary decay timescale becomes shorter than the viscous response
time of the disk, and the two components decouple (Milosavljevic´
& Phinney 2005).
Besides likely containing an unequal-mass binary (M1 6¼ M2),
the astrophysical hot circumbinary disk will differ in two signif-
icant aspects from the model disk in our simulation. The mid-
plane temperature in the real disk at radii r  (100Y1000)rg will
be in the range 104Y106 K (e.g., Hubeny et al. 2001), implying
a much cooler and thinner disk (h/r  0:001Y0:01) than in our
simulation (h/r  0:1). Furthermore, the locally isothermal equa-
tion of state assumed in our simulation will almost certainly be a
poor approximation in the real disk; the inner edge of the disk will
be heated by a combination of viscous torques and dissipation of
waves driven by the binary. Nonetheless, the basic dynamical
characteristics identified in the simulation should be present in the
real disk; it is thus important to examine their implications for the
detectability of compact massive black hole binaries embedded in
circumbinary disks.13
The principal challenge to astronomical detection of an active
galactic nucleus (AGN) containing a binary massive black hole
is the confusion with normal AGNs that contain a single black
hole. Our simulation suggests multiple forms of variability that
can serve as indicators of a binary black hole in an AGN. The
variability will be associated with: (1) the propagation and dis-
sipation of density and shock waves in the bulk of the circum-
binary disk; (2) supersonic gas dynamics in the central hole in the
disk; (3) transfer of material across the hole onto the black holes;
and (4) ultimate accretion of the material that has crossed the
hole and has become captured by one of the black holes onto
the black hole, which may also proceed via a thin disk. Detailed
modeling of the emission from these structures must be done to
identify the most promising indicators of binary massive black
hole AGNs (e.g., Bogdanovic´ et al. 2008).
The amplitude of the variability produced by the strong super-
sonic shocks within the central hole can be estimated to be Lhole 
Mholev
2bin, where Mhole  (h/r)2Medge is the mass of the gas
inside the hole, v  (GMbh /a)1/2 is the orbital velocity, and as
before Medge is the mass of the disk at the inner edge (we ignore
dimensionless factors of order unity). This can be compared
to the accretion luminosity of the disk Ldisk  GMbhM˙visc /a 
(h/r)2(GMbh /a)Medge. Evidently Lhole  Ldisk, but the respec-
tive spectra will be considerably different; the emission inside
the central hole will be harder than that of the disk.
Artymowicz & Lubow (1996) suggest that mass transfer from
a circumbinary disk onto an eccentric binary will be punctuated
by periodic outbursts. We, however, find that the mass transfer
(see Fig. 7) is quasi-periodic and highly variable even if the bi-
nary is circular; this is the case because the disk itself becomes
eccentric. Temporal modulation of the cross gap accretion in an
eccentric protoplanetary disk is simultaneously being reported
by D’Angelo et al. (2006) who simulate binaries with very un-
equalmass components,M2 /M1  0:001Y0:003. In a similar-mass
binary, the principal period is half of the binary orbital period,
tbin
2
 23 days t
106 yr
 3=8
M
106 M
 1=8
;
M1
5 ; 105 M
 3=8
M2
5 ; 105 M
 3=8
; ð37Þ
but longer periodicities (e.g.,4tbin) marked by outbursts of ac-
cretion across the hole can also be expected. The variability will
be present on optical to X-ray wavelengths and can be detected
by all-sky monitoring surveys such as LSST.
Accretion modulated by an eccentric binary companion (e.g.,
Sillanpa¨a¨ et al. 1988; Lehto & Valtonen 1996; Valtaoja et al.
2000) has been invoked as an explanation of the 12 yr optical
periodicity in theBL-Lacertae active galaxyOJ 287 (e.g., Sillanpa¨a¨
et al. 1996a, 1996b; Pursimo et al. 2000; Valtonen et al. 2006).
The optical light curve of OJ 287 is punctuated by tandem flares
separated by 11 yr of relative quiescence. The binary black
hole models of OJ 287 involve a single or double crossing of one
black hole’s accretion disk by the other black hole; the semi-
major axis of the black hole binary is assumed to be larger than
the accretion disk.
13 An important caveat is our assumption that the disk is corotating with the
binary. The dynamics of a counterrotating disk will be very different andmust be
studied separately.
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The quasi-periodic accretion across the central hole in our sim-
ulation (Fig. 7) tentatively suggests an alternative explanation for
the structure of the light curve of OJ 287. Evidently, a modulation
of the accretion rate resulting in twin outbursts can take place in a
circular binary surrounded by a coplanar disk. However a model
of OJ 287 based on a circumbinary diskmust explain the puzzling
absence of a radio counterpart in the first of the two optical flares
(Valtaoja et al. 2000).
Finally, we remark that if the disk is sufficiently massive while
of course remaining gravitationally stable and geometrically thin,
the torque imparted by the disk on the binary can compete with
stellar dynamical processes at extracting energy and angular mo-
mentum from the binary and accelerating coalescence (e.g.,
Ivanov et al. 1999; Gould & Rix 2000; Merritt &Milosavljevic´
2005 and references therein). At present we are unable to es-
timate the expected mass of such a disk from first principles.
Armitage &Natarajan (2005) have shown that disk torques can
excite eccentricity in a binary that has entered the gravitational-
radiationYdriven inspiral. We speculate that the disk eccentricity
that develops on a viscous timescale in our simulation may con-
tribute to the excitation of the binary’s eccentricity; Papaloizou
et al. (2001) have shown that the two eccentricities are coupled.
Recently, Bogdanovic´ et al. (2007) pointed out that cross gap
accretion will torque the angular momenta of the two black holes
to align them with that of the disk, which may restrict the details
of the ultimate gravitational-radiationYmediated coalescence to
the regime not propitious to strong gravitational recoil. This sug-
gests that the consequences of geodetic precession that is present
if the black holes are rapidly rotating should be explored in future
extensions of our study.
6. CONCLUSIONS
We carried out a grid-based, two-dimensional hydrodynamic
simulation of a thin, locally isothermal, corotating, non-self-
gravitating, viscous accretion disk around a Newtonian equal-
mass binary on a fixed circular orbit. The disk is evolved over
multiple viscous times of the inner disk. We study the quasiY
steady state structure of the circumbinary fluid flow and the
mechanics of the binary-disk torque coupling.
We here summarize the main conclusions of this work.
1. Fluid density within twice the binary’s semimajor axis is
significantly reduced. The point masses orbit within the central
low-density hole in the disk. The disk first becomes elliptical
and then eccentric. The eccentricity of the disk is strong and pre-
cesses slowly. Radial fluid motion within the central hole is
supersonic and time dependent. Strong shocks are driven into
the low-density fluid by the tidal field.
2. The binary exerts torque on the disk by imparting gravita-
tional kicks to the eccentric low-density fluid inside the central
hole. Angular momentum is transferred to the disk as the kicked
fluid impacts the edge of the hole. A two-armed spiral density
wave that is stationary in the rotating frame in which the binary
is at rest is driven into the disk. The structure of the two-armed
density wave and that of the binary torque distribution in the
disk suggest that the binary forces the disk at the m ¼ 2 outer
Lindblad resonance, where the orbital period of the disk is 3/2
times the binary’s orbital period.
3. The accretion into the hole toward the two point masses is
reduced relative to the rate expected for a disk with the same
surface density and a torque-free inner edge. However, signifi-
cant mass transfer from the disk onto the black holes does take
place. The mass transfer rate is quasi-periodic and punctuated
by outbursts. The accreting fluid carries angular momentum, but
the amount of angular momentum accreted onto the binary is in-
sufficient to offset the loss of angular momentum to the gravita-
tional torque. If the binary remains circular, its separation decays
on a viscous time of the disk reduced by the ratio of the mass at
the inner edge of the disk to the binary mass.
4. The quasi-periodic accretion across the hole, the shocks in
the low-density fluid inside, and the disk eccentricity are sources
of variability that can be used to distinguish an AGN containing
a binary massive black hole from a regular AGN containing a
single black hole. Detailed modeling of the emission from these
structures is required to identify the most promising indicators of
binary massive black hole AGNs.
We would like to thank Steve Lubow for comments that have
helped improve our understanding of the mechanics of binary-
disk coupling in the simulation. We would also like to thank
Tamara Bogdanovic´ for comments and Phil Armitage, Mitch
Begelman, Roger Blandford, Paolo Coppi, Peter Goldreich, Jim
Gunn,Margaret Pan, Sterl Phinney, RomanRafikov, andMateusz
Ruszkowski for helpful conversations. We would also like to
thank Michael Turk for his help during an early phase of the
project. A. I. M. acknowledges support from a Keck fellowship
at the Institute for Advanced Study. M. M. acknowledges sup-
port by NASA through the Hubble Fellowship grant HST-HF-
01188.01-A awarded by the Space Telescope Science Institute,
which is operated by the Association of Universities for Re-
search in Astronomy, Inc., for NASA under contract NAS 5-
26555. The software used in this work was in part developed
by the DOE-supported ASC/Alliance Center for Astrophysical
Thermonuclear Flashes at the University of Chicago. The sim-
ulations presented in this work were performed with the Scheides
cluster at the Institute for Advanced Study. M. M. thanks the
Kavli Institute for Theoretical Physics for hospitality during the
completion of this work. This research was supported in part by
the National Science Foundation under grant PHY 99-07949.
REFERENCES
Armitage, P. J., & Natarajan, P. 2002, ApJ, 567, L9
———. 2005, ApJ, 634, 921
Artymowicz, P., Clarke, C. J., Lubow, S. H., & Pringle, J. E. 1991, ApJ, 370,
L35
Artymowicz, P., & Lubow, S. H. 1994, ApJ, 421, 651
———. 1996, ApJ, 467, L77
Begelman, M. C., Blandford, R. D., & Rees, M. J. 1980, Nature, 287, 307
Bogdanovic´, T., Reynolds, C. S., & Miller, M. C. 2007, ApJ, 661, L147
Bogdanovic´, T., Smith, B. D., Sigurdsson, S., & Eracleous, M. 2008, ApJS, in
press (arXiv: 0708.0414)
D’Angelo, G. D., Lubow, S. H., & Bate, M. R. 2006, ApJ, 652, 1698
Erwin, P., & Sparke, L. S. 1999, ApJ, 521, 798
Escala, A., Larson, R. B., Coppi, P. S., & Mardones, D. 2005, ApJ, 630, 152
Fryxell, B., et al. 2000, ApJS, 131, 273
Goldreich, P., & Tremaine, S. 1979, ApJ, 233, 857
———. 1980, ApJ, 241, 425
Goodman, J. 2003, MNRAS, 339, 937
Gould, A., & Rix, H.-W. 2000, ApJ, 532, L29
Gu¨nther, R., & Kley, W. 2002, A&A, 387, 550
Gu¨nther, R., Scha¨fer, C., & Kley, W. 2004, A&A, 423, 559
He´non, M. 1965, Ann. d’Astrophys., 28, 992
Holz, D. E., & Hughes, S. A. 2005, ApJ, 629, 15
Horne, J. H., & Baliunas, S. L. 1986, ApJ, 302, 757
Hubeny, I., Blaes, O., Krolik, J. H., & Agol, E. 2001, ApJ, 559, 680
Ivanov, P. B., Papaloizou, J. C. B., & Polnarev, A. G. 1999, MNRAS, 307, 79
Kley, W., & Dirksen, G. 2006, A&A, 447, 369
Kocsis, B., Frei, Z., Haiman, Z., & Menou, K. 2006, ApJ, 637, 27
Kolykhalov, P. I., & Syunyaev, R. A. 1980, Soviet Astron. Lett., 6, 357
MacFADYEN & MILOSAVLJEVIC´92 Vol. 672
Komossa, S. 2003, in AIP Conf. Proc. 686, The Astrophysics of Gravitational
Wave Sources, ed. J. M. Centrella (New York: AIP), 161
———. 2006, Mem. Soc. Astron. Italiana, 77, 733
Krist, J. E., et al. 2005, AJ, 130, 2778
Larwood, J. D., & Papaloizou, J. C. B. 1997, MNRAS, 285, 288
Lehto, H. J., & Valtonen, M. J. 1996, ApJ, 460, 207
Lubow, S. H. 1991, ApJ, 381, 259
Lubow, S. H., & D’Angelo, G. 2006, ApJ, 641, 526
Lubow, S. H., Seibert, M., & Artymowicz, P. 1999, ApJ, 526, 1001
McCabe, C., Ducheˆne, G., & Ghez, A. M. 2002, ApJ, 575, 974
Merritt, D., & Milosavljevic´, M. 2005, Living Rev. Relativ., 8, 8
Meyer-Vernet, N., & Sicardy, B. 1987, Icarus, 69, 157
Milosavljevic´, M., & Phinney, E. S. 2005, ApJ, 622, L93
Pan, M., & Sari, R. 2004, AJ, 128, 1418
Papaloizou, J. C. B., Nelson, R. P., & Masset, F. 2001, A&A, 366, 263
Peters, P. C. 1964, Phys. Rev., 136, 1224
Pichardo, B., Sparke, L. S., & Aguilar, L. A. 2005, MNRAS, 359, 521
Pringle, J. E. 1991, MNRAS, 248, 754
Pursimo, T., et al. 2000, A&AS, 146, 141
Rodriguez, C., Taylor, G. B., Zavala, R. T., Peck, A. B., Pollack, L. K., &
Romani, R. W. 2006, ApJ, 646, 49
Rudak, B., & Paczynski, B. 1981, Acta Astron., 31, 13
Scargle, J. D. 1982, ApJ, 263, 835
Sillanpa¨a¨, A., Haarala, S., Valtonen, M. J., Sundelius, B., & Byrd, G. G. 1988,
ApJ, 325, 628
Sillanpa¨a¨, A., et al. 1996a, A&A, 305, L17
———. 1996b, A&A, 315, L13
Szebehely, V. 1967, Theory of Orbits (New York: Academic)
Takeuchi, T., Miyama, S. M., & Lin, D. N. C. 1996, ApJ, 460, 832
Valtaoja, E., Tera¨sranta, H., Tornikoski, M., Sillanpa¨a¨, A., Aller, M. F., Aller,
H. D., & Hughes, P. A. 2000, ApJ, 531, 744
Valtonen, M. J., et al. 2006, ApJ, 643, L9
Yuan, C., & Cassen, P. 1994, ApJ, 437, 338
CIRCUMBINARY MASSIVE BLACK HOLE ACCRETION DISK 93No. 1, 2008
